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For a large class of finite Cayley graphs we construct covering graphs whose
automorphism groups coincide with the groups of lifted automorphisms. As an
application we present new examples of 12-transitive and 1-regular graphs.
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INTRODUCTION
In this paper we consider undirected graphs without loops or multiple
edges. For a graph 1 we denote by V(1 ), E(1), and Aut(1) the vertex set,
the edge set, and the automorphism group, respectively. For x # V(1 ) we
set 1(x)=[ y | [x, y] # E(1 )].
A morphism ? : 1  2 of graphs is called a fibering [1] if ? maps V(1 )
onto V(2) and for all x # V(1 ) the restriction of ? to 1(x) is a bijection.
The fibering ? is a covering if the restriction of ? to 1(x) induces an
isomorphism of the subgraph of 1 generated by 1(x) onto the subgraph of
2 generated by 2(?(x)) for all x # V(1 ). Note that any fibering ? : 1  2
with 2 of girth at least 4 is a covering. For a fibering ? : 1  2, an
automorphism g of 1 is a lifting (lifted automorphism) with respect to ? of
an automorphism h # Aut(2) if ? } g=h } ?. By Aut?(1 ) we denote the set
of all automorphisms of 1 which are liftings of elements of Aut(2) with
respect to ?.
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Studying graphs with certain symmetry properties, the following situa-
tion is quite usual: A graph 2 with some symmetry properties (formulated
as conditions on Aut(2)) is given and it is required to construct different
graphs with the same properties. Then a fibering ? : 1  2 is considered
and frequently it is not difficult to show that Aut?(1 ) has the required
properties. On the other hand it usually requires much more effort to show
the same for Aut(1 ). Hence it is important to have constructions of
fiberings with Aut(1 )=Aut?(1 ). In this note we give a construction which
satisfies this property. As applications we construct new 12-transitive and
1-regular graphs.
THE RESULTS
Let G be a group and let M be a generating set for G not containing the
identity. The Cayley graph, denoted by 1G, M , of G with respect to M is
the graph with vertex set G and edge set [[g1 , g2] | g&11 g2 # M _ M
&1].
The group G acting by left multiplication on 1G, M is a regular group of
automorphisms of 1G, M .
For a graph 1 and a partition _ of V(1 ) the quotient graph 1_ is the
graph with vertex set _ and edge set [[X1 , X2] | X1 , X2 # _, X1 {X2 and
[x1 , x2] # E(1 ) for some x1 # X1 , x2 # X2]. For GAut(1) define a parti-
tion _ of V(1 ) to be an imprimitivity system of G if g(X) # _ for all X # _
and g # G. In this case the elements of _ are called blocks. Denote by G_ the
subgroup of Aut(1_) induced by the group G. A locally finite connected
graph 1 is a lattice if there exists a vertex-transitive group G of auto-
morphisms of 1 and an imprimitivity system of Aut(1 ) on V(1 ) with finite
blocks such that G_ is a free abelian group. If the rank of G_ is equal to
d, then the graph 1 is called a d-dimensional lattice.
Proposition 1. Let 1G, M be the Cayley graph of a finite group G with
trivial center with respect to a generating set M without involutions. Then
there exists a fibering ? : 1  1G, M such that the following assertions hold:
(1) 1 is a d-dimensional lattice where d=|M|.
(2) Aut(1 )=Aut?(1 ).
(3) For any automorphism of 1G, M induced by an automorphism of G
there exists a corresponding lifted automorphism (with respect to ?) of 1.
Proof. We assume that G=FN and M=[a1N, ..., ad N], where F is
the free group with free generating set [a\11 , ..., a
\1
d ], d=|M|2, and
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N \F. Let G =F[N, F], M =[a1[N, F], ..., ad[N, F]]. We show that the
natural fibering ? : 1G , M  1G, M mapping g[N, F] to gN for all g # F
satisfies (1)(3).
(1) Recall first that an automorphism g of a connected graph 1 is
bounded if the distance between x and g(x) does not exceed a constant not
depending on x # V(1 ). Recall also the following obvious result. If H is
a vertex-transitive group of automorphisms of a locally finite graph
1, K \H, and the stabilizer of some x # V(1 ) in K is non-trivial, then the
valence of 1_ is less than the valence of 1 where _ denotes the
imprimitivity system of H on V(1 ) consisting of K-orbits.
Since [F, F][N, F] is a finite group and F[F, F]$Zd, it follows that
G =F[N, F] is a vertex-transitive group of bounded automorphisms of
1G , M . Hence by [6] the orbits of [F, F][N, F] on V(1G , M ) coincide with
the orbits of the normal subgroup P=[g | g is bounded and the (g)-orbits
on V(1G , M ) are finite] of Aut(1G , M ), and 1G , M is a d-dimensional lattice.
Thus (1) holds.
We note also that G is the group of all bounded automorphisms of
1G , M . In fact, suppose g is a bounded automorphism of 1G , M not
contained in G . By the vertex-transitivity of G there is an h # G such that
g(x)=h(x) holds for some x # V(1G , M ). Then g$=h&1g{1 stabilizes the
vertex x. In particular, the ( g$)-orbits on V(1G , M ) are finite. Hence g$ # P,
and by the above g$ stabilizes all blocks of the imprimitivity system _ of
Aut(1G , M ) consisting of the [F, F][N, F]-orbits on V(1G , M ). Thus, as
mentioned above, the valence of 1G , M _ is strictly less than the valence of
1G , M which is equal to 2d. On the other hand, since 1G , M _ is a Cayley
graph of a group isomorphic to Zd, its valence is 2d, a contradiction.
(2) By the above, G is the group of all bounded automorphisms of
1G , M . Hence G \Aut(1G , M ). Since N[N, F] is a central subgroup of
G =F[N, F] and the center of G=FN is trivial, it follows that N[N, F]
is the center of G . Thus N[N, F] \Aut(1G , M ), and (2) follows.
(3) Suppose an automorphism g of G induces an automorphism of
1G, M , i.e., g(M _ M &1)=M _ M&1. Then there exists an automorphism h
of F such that h(a=i )=a
=$
i $ , for 1i, i $d and =, =$ # [+1, &1] if and only
if g(a=i N)=a
=$
i $N. It is easy to see that h(N)=N. In fact, for any element
a=1i1 } } } a
=k
ik
, k # N, 1i1 , ..., ikd, =1 , ..., =k # [+1, &1], of N we have
h(a=1i1 } } } a
=k
ik
) # h(a=1i1 ) N } } } h(a
=k
ik
) N= g(a=1i1 N) } } } g(a
=k
ik
N)
= g(a=1i1 } } } a
=k
ik
N)=N.
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Since h-invariance of N implies h-invariance of [N, F], it follows that
h induces an automorphism, say g~ , of 1G , M . Obviously, g~ is a lifted
automorphism of g with respect to ?, and (3) holds. K
Proposition 2. Let 1G, M be as in Proposition 1. Then there exist
fiberings ?i : 1i  1G, M , i # N, such that the 1i are pairwise nonisomorphic
and for all i the following assertions hold:
(1) 1i is finite, connected, and Aut(1i) is vertex-transitive.
(2) Aut(1i)=Aut?i (1i).
(3) For every automorphism of 1G, M which is induced by an auto-
morphism of G, there exists a corresponding lifted automorphism (with
respect to ?i) of 1i .
Proof. Let ? : 1  1G, M , d, F, N, a1 , ..., ad be as in Proposition 1 and its
proof. The group N[N, F] is a normal subgroup of finite index of Aut(1 )
and contains a characteristic subgroup of finite index which is isomorphic
to Zd. Hence there exists a descending series N[N, F]>K1>K2> } } }
of normal subgroups of finite index of the group Aut(1 ) such that
i # N Ki=1. For each i # N we denote by _i the imprimitivity system of
Aut(1 ) consisting of Ki-orbits on V(1 ) and set 1 i$=1_i . Then, for each
i, the graph 1 i$ is the Cayley graph of the finite group G Ki , G =F[N, F],
with respect to the generating set [a1[N, F]Ki , ..., ad[N, F]Ki]. In par-
ticular, 1 i$ is finite, connected and Aut(1 i$) acts vertex-transitively on 1 i$ .
Furthermore every automorphism of 1G, M induced by an automorphism of
G can be lifted with respect to ? to an automorphism of 1. Assertion (3)
then follows from the fact that Ki \Aut(1 ).
To finish the proof of Proposition 2, we show that Aut(1 i$)=Aut?$i (1 i$)
for all sufficiently large i.
For i # N, let ?i": 1  1 i$ denote the natural fibering. Then ?=?$i?i" , and
?i" (x)=xi where x=[N, F] and xi=[N, F] Ki . Denote by H, Si , and Ti
the stabilizer of x in Aut(1 )=Aut?(1 ), the stabilizer of xi in Aut?$i (1 i$),
and the stabilizer of xi in Aut(1 i$), respectively. Since G KiAut?$i (1 i$), the
group Aut?$i (1 i$) is vertex-transitive. Hence to finish the proof it is sufficient
to show that Si=Ti for all sufficiently large i.
Since the valencies of the graphs 1, 1 i$ , and 1G, M coincide, HSiTi
holds and H is isomorphic to a subgroup of the stabilizer of a vertex of
1G, M in Aut(1G, M) (in particular, H is finite). Hence it is sufficient to
prove that Ti $H for all sufficiently large i.
The sequence of graphs with distinguished vertices (1 i$ , xi), i # N, con-
verges to (1, x) as i   (i.e., for any fixed n # N and all sufficiently large
i the subgraph of 1 i$ generated by the ball Bxi (n) of radius n with center
xi is isomorphic to the subgraph of 1 generated by the ball Bx(n) of radius
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n with center x). Hence for any fixed n # N and all sufficiently large i the
restriction of Ti on the ball Bxi (n) is isomorphic to the restriction of H on
the ball Bx(n). At the same time, since H is finite, there exists a positive
integer r such that H acts faithfully on the ball Bx(r) or, equivalently, such
that the restriction of H on the ball Bx(r) is isomorphic to the restriction
of H on the ball Bx(r+1). Denote by i0 a positive integer such that for
every ii0 the restriction of Ti on the ball Bxi (n) is isomorphic to the
restriction of H on the ball Bx(n), where n=r, r+1. Then, by the choice
of r, for each ii0 the restriction of Ti on the ball Bxi (r) is isomorphic to
H and is isomorphic to the restriction of Ti on the ball Bxi (r+1). Hence,
by the vertex-transitivity of Aut(1 i$), the group Ti acts faithfully on the ball
Bxi (r) and is isomorphic to H for all ii0 . This completes the proof. K
A graph 1 is 12-transitive if Aut(1 ) acts transitively on V(1 ) and on
E(1 ) but intransitively on the set [(x, y) | [x, y] # E(1 )] of 1-arcs of 1.
A graph 1 is 1-regular if Aut(1 ) acts regularly on the set of 1-arcs of 1.
Examples of finite 12-transitive graphs were constructed in [2].
Examples of infinite 12-transitive graphs including a one-dimensional
lattice were constructed in [5]. No examples of 12-transitive d-dimen-
sional lattices for d>1 were known so far.
Theorem 1. For any natural number d there exists a 12-transitive
d-dimensional lattice.
Proof. By [5], we can assume that d>1. Put G=(a, b1 , ..., bk | a6=
b91= } } } =b
9
k=1, [bi , bj]=1, and a
&1bi a=b5i for 1i, jk) where
k=d&1. Then G is a finite group of order 6 } 9k with trivial center. By [2],
the Cayley graph 2=1G, M of G with respect to the generating set
M=[a, b1a, ..., bka] is 12-transitive. In addition it is easy to see that
Aut(2) contains a subgroup isomorphic to the symmetric group Symd
acting naturally on M. The result follows from Proposition 1. K
In [3], 1-regular d-dimensional lattices were constructed. The construc-
tion in [3] has the disadvantage that it leads to lattices where d is very
large. Hence the question arises whether there also exist 1-regular d-dimen-
sional lattices for small d>1?
Theorem 2. There exists a two-dimensional 1-regular lattice.
Proof. The Cayley graphs of the alternating groups A2k+1 , k>2, with
respect to the generating sets [(1, 2, 3, ..., 2k+1), (2, 1, 3, ..., 2k+1)=
(1, 2)(1, 2, 3, ..., 2k+1)(1, 2)] are 1-regular [4]. The result follows from
Proposition 1. K
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